Abstract. Let X be a reduced closed scheme in P n and let I X be its saturated defining ideal. As a generalization of property Np due to Green-Larzarsfeld, we say that X satisfies property N 2,p if I X has only the simplest linear syzygies up to p-th step. When p = 1, then I X is generated by quadrics. Recently, many interesting geometric results have been proved for projective varieties with property N 2,p (see [4] , [7] , [8] [13]). In this paper, we obtain higher normality, syzygetic structures and geometric properties of any isomorphic or birational projections of varieties satisfying N 2,p by using the mapping cone and the vector bundle technique. In fact, this kind of uniform results can also be refined as we move the center of the projection in an ambient space. Furthermore, property N 2,p can be simply generalized to property N d,p , d ≥ 2. For a variety X satisfying the condition N d,p , first of all we can show by projection method that a linear section X ∩ L is d-regular (as a scheme) if dim(X ∩ L) = 0 and 1 ≤ dim L ≤ p (see also Theorem 1.1 in [7] ). Thus, a projective variety with property N 2,p has no (p + 2)-secant p-plane. Second, we give not only other algebraic and geometric structures for projected varieties but also the structure of multiple loci for projections of varieties with the condition N d,p . In addition, many interesting examples are provided.
Introduction
Let V be an (n + 1)-dimensional vector space over an algebraically closed field k and X be a non-degenerate reduced closed subscheme in a projective space P n = P(V ). We are mainly interested in the relation between the minimal free resolution of the saturated defining ideal I X in the polynomial ring R = k[x 0 , . . . , x n ] and geometric properties of X. In general, there is a basic short exact sequence of graded R-modules associated to the embedding X ֒→ P n as follows:
(1.1) 0 −→ R/I X −→ E −→ H 1 * (I X/P n ) −→ 0
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where R/I X is the homogeneous coordinate ring of X, E = ℓ≥0 H 0 (X, O X (ℓ)) the graded module of twisted sections of O X and H 1 * (I X/P n ) = ℓ≥0 H 1 (P n , I X/P n (ℓ)) is the Hartshorne-Rao module. For a projectively normal embedding of X, R/I X = E and H 1 * (I X/P n ) = 0. Many classical results about simplest linear syzygies, i.e. property N p have been known.
On the other hand, for non-projectively normal varieties, it is quite natural to investigate some relations between the minimal free resolutions of three graded Rmodules in the exact sequence (1.1) and geometric properties of X. First of all, consider the minimal free resolution of R/I X as follows;
where L i = j R(−i − j) ⊕βi,j . We say that X(or R/I X ) satisfies property N 2,p if I X has only the simplest linear syzygies up to p-th step, i.e. β i,j = 0 for 0 ≤ i ≤ p and all j ≥ 2 in (1.2). For p = 1, I X is generated by quadrics and N 2,2 means that I X is generated by quadrics and there are only linear relations on quadrics. Note that property N 2,p is the same as property N p (defined by Green-Lazarsfeld) if it is projectively normal. There are many famous conjectures and known results about property N p for highly positive embedding of projective varieties ( [7] , [13] ). Note that many examples of non-linearly normal varieties with the condition N 2,p , p ≥ 2 can be obtained by general projections from completely embedded projective varieties satisfying property N p , p ≥ 2.
This notion can also be simply generalized to the property N d,p . For d ≥ 2 and p ≥ 1, one can define that X(or R/I X ) satisfies property N d,p (cf. [7] ) if one of the following conditions holds: (a) β i,j = 0 for 0 ≤ i ≤ p and all j ≥ d in the minimal free resolution (1.2); (b) the truncation (I X ) ≥d of I X in degrees ≥ d is generated in degree d and the minimal free resolution of (I X ) ≥d is linear until p-th step, namely,
Remark that we can see that the first few modules of syzygies of R/I X influence importantly on geometric structures of X and its linear projections in the subsequent sections. One more important projective invariant of a projective scheme X is the Castelnuovo-Mumford regularity which measures the maximal degree of all syzygy modules in the whole minimal free resolution of R/I X . X ⊂ P n is said to be m-regular if one of the following conditions holds (see [6] ): (a) β i,j = 0 for all j ≥ m, i ≥ 0 in the minimal free resolution (1.2) , that is, the i-th syzygy module L i is generated by elements of degree ≤ i + m − 1; (b) H i (P n , I X/P n (m − i)) = 0 for every i ≥ 1.
We define reg(X) := min{m | X ⊂ P n is m-regular }. For an integral projective scheme X in P n , it has been a long open problem to show reg(X) ≤ deg(X) − codim(X) + 1 (which is called "Eisenbud-Goto conjecture"). Remark that the condition N 2,p , N d,p and the Castelnuovo-Mumford regularity have their own algebraic and geometric properties respectively. For history and summary, see [5] , [12] .
The simplest type of the minimal free resolution of E until p-th step should be of the form:
⊕βp,1 → · · · → R(−3) ⊕β2,1 → R(−2) ⊕β1,1 → R ⊕ R(−1) ⊕α → E → 0 where α = codim(V, H 0 (O X (1))) and X ⊂ P(V ) = Proj(R). In this case, we can say that E satisfies property N S p (cf. [13] ). The N S p -property of E as a R-module gives us some geometric information on X as follows:
(a) Let X ⊂ P(V ) be a reduced, non-degenerate projective variety and α = codim(V, H 0 (O X (1))). If E satisfies property N S 1 as a R-module then X is k-normal for all k ≥ α + 1 and cut out by hypersurfaces of degree ≤ α + 2. (Theorem 1.1 in [13] ). (b) Furthermore, if E satisfies property N S p for some p ≥ 1 and X is k-normal for all k ≥ k 0 for some k 0 ≤ α + 1. Then I X is generated by forms of degrees ≤ k 0 + 1 and satisfies property N k0+1,p (Theorem 3 in [4] ).
From now on, we consider outer projection π Λ : X → Y t = π Λ (X) ⊂ P(W ) where dim Λ = t − 1 ≥ 0, Λ ∩ X = φ. Then the sequence (1.1) 0 −→ R/I X −→ E −→ H 1 * (I X/P n ) −→ 0 (as Sym(W )-modules) is also a short exact sequence of finitely generated Sym(W )-modules (cf. Lemma 2.5). Let R = ⊕ ℓ≥0 Sym ℓ (V ) and S t = ⊕ ℓ≥0 Sym ℓ (W ). Since depth R R/I X = depth St R/I X we have pd St (R/I X ) = pd R (R/I X ) − t where pd St (R/I X ) is the projective dimension of R/I X as a S t -module. Our main idea is to compare the Betti table of R/I X (resp. E) as a R-module and the Betti table of R/I X (resp. E) as a S t -module by the mapping cone construction and to get some geometric information on X and the projected variety Y t = π Λ (X). Consider the following three vector spaces
In this situation, we can ask ourselves again about the simplest syzygies of R/I X and E as Sym(W )-modules in a few steps. Assuming that R/I X and E are finitely generated S t modules, we can say that E (resp. R/I X ) satisfies property N S p if E and R/I X have the simplest minimal free resolutions until p-th step respectively;
That is to say, property N S p means that the maps between syzygy modules for 1 ≤ i ≤ p are given by matrices of linear forms. Note that if α = 0, i.e. W = V = H 0 (X, O X (1)), then E = R/I X and property N S p coincides with the classical notion of property N p due to Green-Lazarsfeld.
Keeping these definitions in mind, let us summarize our results. In Section 2, we construct the mapping cone associated to a simple outer projection and consequently, we get the long exact sequence between Tor S1 i (R/I X , k) and Tor R i (R/I X , k) in Theorem 2.2. This is our starting point for subsequent Sections 2-4. By using this sequence, we obtain many interesting propositions about property N S p of R/I X and E under projections (e.g. Proposition 2.7 and Proposition 2.8). Finally, we can show that for a projective variety X with the condition N d,p , every fiber of any outer projection π Λ : X → P n−t from the center Λ, dim( Theorem 2.10) . For d = 2, a projective variety satisfying property N 2,p has no (p + 2)-secant p-plane. This result was also proved in Theorem 1.1 in [7] .
In Section 3, For a variety X satisfying property N 2,p , p ≥ 2, we consider the higher normality, and syzygies of isomorphic and birational projections (Theorem 3.1 and Theorem 3.8). In particular, the secant locus of the birational projection is a quadric hypersurface in some linear subspace. Therefore, the singular locus of the projected variety is a linear subspace and according to moving the center of projection, we obtain the different homological, cohomological and geometric properties with respect to the singular locus (e.g., Proposition 3.9, Proposition 3.13 and Proposition 3.14).
In Section 4, we consider the case N d,p , d ≥ 3. we give the structure of multiple loci for projections of varieties with the condition N d,2 . Even though the higher normality is very delicate and difficult to control under projections in contrast with the case N 2,p , we obtain the relation between the regularity of the i-th partial elimination ideals for all i ≥ 1, higher normality and syzygies of projections (e.g., Theorem 4.1, Proposition 4.3 and Theorem 4.7).
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Mapping cone construction and application to projections
Let k be a field and V = x 0 , . . . , x n be the (n + 1)-dimensional vector space over k and let R = k[x 0 , . . . , x n ] is the symmetric algebra of V . Let W ⊂ V be a subspace generated by x 1 , . . . , x n and let S = k[x 1 , . . . , x n ] be the symmetric algebra of W . Then, for a graded R-module M , it can be considered as a graded S-module by the inclusion map S ֒→ R.
Let K S
• (M ) be the graded Koszul complex of M as a S-module whose graded components are
) be the graded Koszul complex of M (−1) as a S-module whose graded components are
Now we claim that Tor R (M, k) can be obtained from the mapping cone construction induced by the multiplication map ×x 0 between Koszul complexes K 
by ϕ(e I ⊗ m) = e I ⊗ x 0 m, where e I = e s1 ∧ · · · ∧ e si for 1 ≤ s 1 < · · · < s i ≤ n, and m ∈ M j−1 . Then ϕ induces the map δ on homology in each graded components.
Hence we have that
Now we consider the mapping cone (C • (ϕ), ∂ ϕ ) induced by the map
• the differential ∂ ϕ :
Then the mapping cone (C • (ϕ), ∂ ϕ ) becomes a complex over S and we have the exact sequence of complexes
, From the exact sequence (2.1), we have a long exact sequence in homology:
we see that the connecting homomorphism δ is the map Tor
Hence we see that the Koszul complex K R i (M ) has the following canonical decomposition in each graded component:
Using the decomposition (2.3), we can verify that the following diagram is commutative:
Therefore, we have a natural isomorphism Tor
From the long exact sequence (2.2) and Lemma 2.1, we obtain the following useful Theorem.
For a graded R-module M , we have the following long exact sequence:
whose connecting homomorphism δ is the multiplicative map
Proof. It is clear from (2.2) and Lemma 2.1.
Note that Theorem 2.2 gives us an useful information about syzygies of outer projections ( i.e. isomorphic or birational projections) of projective varieties.
As a first step, we obtain the following interesting Corollary.
Corollary 2.3. Let I ⊂ R be a homogeneous ideal such that R/I is a finitely generated S 1 -module. Assume that I admits d-linear resolution up to p-th step for p ≥ 2. Then, for 1 ≤ i ≤ p − 1, (a) the minimal free resolution of R/I as a graded S 1 -module is given as follows: i−1 (R/I, k) (i−1)+j = 0 for 1 ≤ i ≤ p and j = d − 1 since R/I is finitely generated as an S 1 -module, which means that
(b) Note that we have
Then, by induction on p, we get the desired result. Notation 2.4. In this paper, we use the following notations:
is the projection from the center Λ, and Λ ∩ X = φ.
•
From now on, we consider a projection
is also exact as finitely generated Sym(W )-modules as Lemma 2.5 shows. Furthermore, it would be very useful to compare their graded Betti tables by the mapping cone as we see in the subsequent sections.
Lemma 2.5. Let R/I X be the homogeneous coordinate ring of X. Then R/I X and
. . , 0, 1, 0, . . . , 0] be the point whose (i + 1)-th coordinate is 1. Since p i / ∈ X, for some m i > 0, there is a homogeneous polynomial f i in I X which is of the form
is a homogeneous polynomial of degree m i with the power of x i less than m i . Hence R/I X is generated by monomials of the form x n0 0 · · · x nt−1 t−1 , n i < m i for all 0 ≤ i ≤ t − 1 as a S t -module. Next, consider the exact sequence as S t -modules,
Since R/I X and H 1 * (I X ) are finitely generated as S t modules, E is also a finitely generated S t -module. Remark 2.6. For an inner projection of X from the center q = (1, 0, . . . , 0) ∈ X, letting Y 1 = π q (X) be the Zariski-closure of π q (X) in P n−1 and m q = (x 1 , . . . , x n ) be the ideal corresponding to the point q, R/I X is not finitely generated as S 1 -module, where S 1 = k[x 1 , . . . , x n ]. Indeed, suppose that R/I X is finitely generated as S 1 -module. Note that I X ⊂ m q . Then we see that R/I X ⊗ S 1 /m q must be a finite dimensional k = S 1 /m q vector space. However,
which contradicts our assumption. Consequently, R/I X is not a finitely generated
Proposition 2.7. Let X be a reduced non-degenerate projective variety in
it has the simplest syzygies up to (p−t)-th step as follows:
where
is a vector space of homogeneous forms of degree i generated by U .
Proof. The proof (a) follows by applying long exact sequence in Theorem 2.2 for successive one-point projections. Before proving (b), first note that the set
should be contained in any generating set of R/(I X ) ≥d as a S t -module because there is no relation of degree
is actually the set of all generators. This can be done by the dimension counting. Let us prove this by induction on t. In the case of t = 1, the result easily follows from Corollary 2.3 (a). If we have t > 1 then, by induction hypothesis, we see that dim k Tor
and we have the following sequence from the mapping cone construction
as we wished.
On the other hand, we have the similar result for E = ℓ∈Z H 0 (X, O X (ℓ)) as the following proposition shows. 
Proof. When t = 1, we can similarly show that E satisfies property N S p−1 as an S 1 module by using Theorem 2.2 for M = E and the vanishing β R i,j (E) = 0, 0 ≤ i ≤ p, j ≥ 2. As a consequence, E has the following simplest resolution;
as an S i+1 -module by the same argument.
Remark 2.9. For isomorphic projections, the above Proposition 2.8 is in fact a simple algebraic reproof of Theorem 2 in [4] , Theorem 1.2 in [13] , and for birational projections, see a part of Theorem 3.1 in [17] . Indeed, for an isomorphic projection, there is an exact sequence between syzygies of E and sheaf cohomology of sheaves:
On the other hand, for a birational projection, there is an exact sequence:
For a base point free linear subsystem
Under the assumption of property N S p of E as a R-module, they showed in [4] by induction that
which is equivalent to Tor
St i (E, k) i+j = 0 for isomorphic or birational projections.
The following theorem gives us a geometric meaning of property N d,p and note that part (b) was also proved in Theorem 1.1 in [7] with a different method.
Theorem 2.10. Let X be a reduced non-degenerate projective variety satisfying property
Then, we have the following results:
(a) every fiber of
In particular, for a projective variety satisfying property N 2,p , there is no (p + 2)-secant p-plane.
Proof. For a proof of (a), consider the minimal free resolution of R/(I X ) ≥d in Proposition 2.7.(b), namely,
is a vector space of homogeneous forms of degree i generated by U . By sheafifying this exact sequence and tensoring O P n−t (d − 1), we have the surjective morphism of sheaves
For all y ∈ Y t , we have the following surjective commutative diagram ( * ) by Nakayama's lemma:
Therefore, as a finite scheme,
this is a contradiction by (a).
Remark 2.11. In the process of proving Theorem 2.10, we know that the global property N d,p gives local information on the length of fibers in any linear projection from the center Λ of dimension ≤ p − 1. The commutative diagram ( * ) in the proof can also be understood geometrically as follows:
where σ : Bl Λ P n → P n is a blow-up of P n along Λ and
is a vector bundle over P n−t . We have a natural morphism of sheaves
. We actually showed from the property N d,p that the following morphism
is surjective for all y ∈ Y t . Similar constructions were used in bounding regularity of smooth surfaces and threefolds in [12] and [14] .
3. Effects of property N 2,p on projections and moving the center For a projective variety X ⊂ P n , property N 2,p is a natural generalization of property N p . The following theorems show that property N 2,p plays an important role to control the normality and defining equations of projected varieties under isomorphic and birational projections up to (p − 1)-th steps. 
Then we have the following:
cut out by equations of degree at most t + 2 and satisfies property
Proof. Let R = k[x 0 , x 1 . . . , x n ] be a coordinate ring of P n and S t = k[x t , x t+1 , . . . , x n ] be a coordinate ring of P n−t . By Proposition 2.7, the homogeneous coordinate ring R/I X satisfies property N S p−t and we have the minimal free resolution of R/I X as a graded S t -module:
Therefore, by sheafifying the resolution of R/I X , we have the following familiar diagram ( [11] , [13] );
Note that this diagram can be split into two diagrams by using Snake Lemma as follows:
and in the first syzygies, we have the following diagram:
From the commutative diagrams (2.12) and (2.13), (a) we have the following equivalent conditions on m-normality of X:
Proof. By taking global sections and using property N S p−t of R/I X , we have the following two commutative diagrams of graded modules:
On the other hand, from the following diagram:
⊕β1,1 → L → 0, we obtain the following fact:
In the second row of (3.6), we can control the Castelnuovo-regularity of N by using Eagon-Northcott complex associated to the exact sequence 0 → N → O P n−t (−2) ⊕β1,1 → O P n−t (−1) ⊕t → 0, (cf. [11] , [13] , [15] ). As a consequence, reg(N)
So, Y t is m-normal for all m ≥ max {n 0 (X), t + 1} by Claim 3.5 (a), (c). Furthermore, consider the following diagram for all ℓ ≥ 1:
Note that surjectivity of the first row is given by reg(N) ≤ t + 2 and surjectivity of two vertical columns are given by the fact H 1 * (K) = 0. Thus, the second row is also surjective and consequently Y t is cut out by equations of degree at most (t + 2). For the syzygies of I Yt , consider the exact sequence by taking global sections
is the first syzygy module of R/I X , H 0 * (K) has the following resolution:
and so, Tor 
we get Tor In the complete embedding of X ⊂ P(H 0 (O X (1))), property N 2,p is the same as property N p . In this case, we have the following Corollary which is already given in Theorem 1.2 in [13] and Corollary 3 in [4] . Corollary 3.3. Let X ⊂ P(H 0 (O X (1))) = P n be a reduced non-degenerate projective variety with property N p for some p ≥ 2. Consider an isomorphic projection 
Proof. This is clear from Theorem 3.1 with n 0 (X) = 1. For a different proof using vector bundle technique in the restricted Euler sequence, see [4] and [13] .
Example 3.4. Let C = ν 13 (P 1 ) be a rational normal curve in P 13 . For a general point q ∈ P 13 , π q (C) ⊂ P 12 is a smooth rational curve with property N 2,4 and for a general line ℓ ⊂ P 13 , π ℓ (C) is a rational curve with property N 2,3 in P 11 (by using Singular or Macaulay 2). So, by applying our Theorem 3.1 for π q (C) and π ℓ (C), they are m-normal for all m ≥ 2 and we conclude that their isomorphic simple projections are also m-normal for m ≥ 2 and at most cut out by cubic hypersurfaces and get some information on higher syzygies.
On the other hand, for a point q ∈ Sec(X) ∪ Tan(X) we can also consider a birational projection and syzygies of the projected varieties. To begin with, let us explain the basic situation and information on the partial elimination ideals under outer projections. For q = (1, 0, · · · , 0, 0) / ∈ X, consider an outer projection π q :
For the degree lexicographic order, if f ∈ I X has leading term in(f ) = x d0 0 · · · x dn n , we set d 0 (f ) = d 0 , the leading power of x 0 in f . Then it is well known that
More generally, let us give the definition of partial elimination ideals, which was given by M. Green in [10] .
Definition 3.5 ([10]
). Let I X ⊂ R be a homogeneous ideal of X and let
If f ∈K i (I X ), we may write uniquely f = x i 0f + g where d 0 (g) < i. Now we define K i (I X ) by the image ofK i (I X ) in S 1 under the map f →f and we call K i (I X ) the i-th partial elimination ideal of I X .
Note that K 0 (I X ) = I Y1 and there is a short exact sequence as graded S 1 -modules
In addition, we have the following filtration on partial elimination ideals of I X :
Proposition 3.6 ([10]). Set theoretically, the i'th partial elimination ideal
Lemma 3.7. Let X ⊂ P n be a reduced non-degenerate projective variety satisfying property N 2,p for some p ≥ 2. Consider a birational projection π q : X → Y 1 ⊂ P n−1 where q ∈ Sec(X)∪Tan(X)\X. Let Σ q (X) := {x ∈ X|π q −1 (π q (x)) has length ≥ 2} be the secant locus of one-point birational projection. Then we have the following:
Proof. Since X satisfies N 2,p , p ≥ 2, there is no 4-secant 2-plane to X by Theorem 2.10.(b). Let Z 1 := {y ∈ Y 1 |π q −1 (y)) has length ≥ 2 } and choose two points y 1 , y 2 in Z 1 . Consider the line ℓ = y 1 , y 2 in P n−1 . If y 1 , y 2 ∩ Y 1 is finite, then we have 4-secant plane q, y 1 , y 2 which is a contradiction. So, Sec(Z 1 ) = Z 1 and finally, we conclude that Z 1 is a linear space. Since π q : Σ q (X) ։ Z 1 ⊂ Y 1 is a 2:1 morphism, Σ q (X) is a quadric hypersurface in Z 1 , q . For a proof of (c), if dim Σ q (X) is positive, then clearly, q ∈ Tan Σ q (X) ⊂ Tan(X). So, we are done.
In the above Lemma 3.7, the fact that Z 1 is a linear space is important as we will see in the proof of the following theorem. Proof. We may assume that q = (1, 0, , , 0) ∈ Sec(X) ∪ Tan(X) \ X. Let R = k[x 0 , x 1 . . . , x n ] be a coordinate ring of P n , S 1 = k[x 1 , x 2 , . . . , x n ] be a coordinate ring of P n−1 , S 1 /I Y1 and R/I X be the homogeneous coordinate rings of Y 1 and X respectively. By Proposition 2.7, R/I X satisfies property N S p−1 and we have the minimal free resolution of R/I X as a graded S 1 -module:
In the process of finding out ker(ϕ 0 ), we have the following diagram:
Note that ϕ 0 (f, g) = f + g · x 0 and thus, K 1 (I X ) is the first partial elimination ideal of I X associated to the projection π q . Since K 0 is generated by elements of degree 2 and furthermore, has the following minimal free resolution as a graded S 1 -module:
we know that K 1 (I X ) is generated by linear forms and reg(K 1 (I X )(−1)) = 2, cokerα = S 1 /I L1 (−1).
Moreover, by usual Tor-computations, I Y1 satisfies property N 3,p−1 .
On the other hand, consider the following exact sequence
By Lemma 3.7, since coker α has the support L 1 which is a linear space in P n−1 and π q : Σ q (X) ։ L 1 is 2 : 1, we have
Therefore, H 0 * (coker α) = S 1 /I L1 (−1). Then, by taking global sections from the above sequence (3.4), we have the following commutative diagram as S 1 -modules with exact rows and columns: 0 0 0
Thus, H For a complete embedding of X ⊂ P(H 0 (O(1)) satisfying property N p , Lemma 3.7 and Theorem 3.8 was proved in [16] with different method. However, here we can deal with non-complete embeddings of X in P n satisfying property N 2,p by virtue of mapping cone construction without vector bundle technique on restricted Euler sequence on X used in [16] .
• Moving the center of projection So far, we have shown the uniform properties for any projection morphism of a projective variety with the condition N 2,p , p ≥ 2. On the other hand, the following propositions show that the number of quadric equations and the depth of projected varieties depend on moving of the center of projections. For a complete embedding X ⊂ P(H 0 (L)), the same result is given in [17] . Note that the arithmetic properties of projected varieties by moving the center were investigated for varieties of almost minimal degree in [2] for the first time.
Proposition 3.9. Let X ⊂ P n be a reduced non-degenerate projective variety satisfying property N 2,p , p ≥ 2. Consider the projection π q : X → Y 1 ⊂ P n−1 where q / ∈ X. Let Σ q (X) is the secant locus of the projection π q . Then the following holds:
Proof. (a) First, let's prove the isomorphic projection case. In this case, the secant locus Σ q (X) is empty and s = −1. Considering the proof of Theorem 3.1, we obtained the following fact from the commutative diagram (3.2):
From the basic equalities
we get h 0 (I Y1 (2)) = h 0 (I X (2)) − n − 1. In the case of finite birational projections, the secant locus Σ q (X) is not empty and π q (Σ q (X)) = L 1 = P s . In the proof of Theorem 3.8, we got the following fact:
Therefore, by simple computation we have h 0 (I Y1 (2)) = h 0 (I X (2)) − n + s. For a proof of (b), consider the following exact sequence 
So, depth(Y 1 ) = 2 = min{depth(X), s + 2}. For s ≥ 1 and depth(X) ≥ s + 2, we obtain the sequence
Thus, depth(Y 1 ) = s + 2 = min{depth(X), s + 2}. Finally, in the case of 2 ≤ depth(X) ≤ s + 1, s ≥ 1, under the assumption that H i (O X (j)) = 0, ∀j ≤ −i, we can easily check that depth(Y 1 ) = depth(X) = min{depth(X), s + 2}. Therefore, we are done.
We give some examples related to our proposition. Example 3.11. Suppose that a projective variety X has no lines and plane conics in P n with the condition N 2,p , p ≥ 2 (e.g., the Veronese variety υ d (P n ), d ≥ 3 or its isomorphic projections). Then, the singular locus of any simple projection is either empty or only one point because the secant locus is a quadric hypersurface in some linear subspace.
The following corollary shows that Hilbert functions of projected varieties depend only on the dimension of singular loci.
Corollary 3.12. Let X ⊂ P n be a reduced non-degenerate projective variety satisfying property N 2,p , p ≥ 2. Consider the projection π q : X → Y 1 ⊂ P n−1 . Then, we have the following for d ≥ 2:
for birational projections where s is the dimension of the secant locus of π q .
Proof. It can be easily checked by the same argument of Proposition 3.9.
The Proposition 3.9 can be extended to the inner projections by letting s = dim(X) as follows.
Proposition 3.13. Let X be a smooth projective variety, L a very ample line bundle and (X, L) satisfies property N p , p ≥ 1. For the complete embedding X ֒→
Proof. Let σ : Bl q (X) → X be the blow up of X at q. Then, for a point q ∈ X \ Trisec(X) we have an embedding π q :
Furthermore it is shown in [3] that the inner projection Y 1 = π q (X \ {q}) in P n−1 satisfies N p−1 for a point q ∈ X \ Trisec(X). So, Y 1 is also projectively normal. Now, let's compute h 0 (I Y1 (2)) as follows: First note that
, we obtain the following facts:
Since X and Y 1 are 2-normal, we get by the simple computation,
On the other hand, we can also show that depth(X) = depth(Y 1 ) in the same situation. Note that
where m q is the sheaf of ideals corresponding to the point q ∈ X. It is enough to show that for all i ≥ 1, j ≥ 0
Consider the following exact sequence
is surjective. In fact, we have the following natural isomorphism;
Consequently, we have depth(X) = depth(Y 1 ).
What can we say about the relation between the graded Betti numbers of a linear projection Y and a projective variety X satisfying property N 2,p for some p ≥ 2? We know that Y satisfies N 3,p−1 . The following Proposition gives some information on them.
Proposition 3.14. Let X ⊂ P n be a reduced non-degenerate projective variety which satisfies property N 2,p for some p ≥ 2. Let Y be a linear projection of X from a point q / ∈ X and let s = dim Σ q (X) be the dimension of the secant locus. Then, for each 1 ≤ i ≤ p − 1,
Proof. Since X satisfies property N 2,p for p ≥ 2, we have an exact sequence 0 → S/I Y → R/I X → S/K 1 (X)(−1) → 0 by Theorem 3.8, and R/I X satisfies N S p−1 as a S-module, i.e. it has the simplest syzygies up to (p−1)-th step by Corollary 2.3. Hence, β S i,j (R/I X ) = 0 for all j ≥ 2 and 1 ≤ i ≤ p − 1. Since K 1 (X) is generated by n − s − 1 linear forms, we obtain the following long exact sequence:
Consequently, we get for 0 ≤ i ≤ p − 1
By Corollary 2.3, we have β
(R/I X ) from which we obtain the desired result.
Remark 3.15. In the Proposition 3.14, we obtain the following for i = 1:
Hence, we see that if 
From the Eagon-Northcott complex, we obtain the minimal free resolution of S 1,1,4 as follows:
(a) Let q ∈ P 8 \ Sec (S 1,1,4 ) and Y = π q (S 1,1,4 ) be an isomorphic projection of X in P 7 . Then, 
(c) For a point q ∈ Tan(S 1,1,4 ) \ S 1,1,4 , Y has different two types of resolutions: First, consider a linear span P 3 = ℓ 1 , F where ℓ 1 is a line embedded by
and F be the any fiber of the morphism ϕ : S 1,1,4 → P 1 . For a general point q ∈ P 3 = ℓ 1 , F , Y has a singular locus P 1 , only one cubic generator and the following minimal resolution of length 5:
Second, take a general point q ∈ P 3 where the quadric hypersurface P(O P 1 (1)⊕ O P 1 (1)) ⊂ P 3 is a subvariety of S 1,1,4 ⊂ P 8 . Then the projected variety Y has clearly the singular locus P 2 , depth(Y ) = 4 and the following resolution:
We say that the center of projection q ∈ P 8 moves toward S 1,1,4 in some sense, the number of cubic generators decreases.
The case
In Section 3, we obtained interesting results about higher normality and defining equations of projections of a variety with the condition N 2,p , p ≥ 2. As a next step, we consider the case N d,p , d ≥ 3. In this case, we also have interesting syzygies and geometry of projected varieties which are closely related to the higher normality. In particular, the regularity of partial elimination ideals plays an important role under projections. For a homogeneous ideal I, if f ∈ I has leading term in(f ) = x 
Furthermore, we can easily verify that ker ϕ 0 =K d−1 (I X ) and we have the following exact sequence:
Hence, there exists a homogeneous polynomial f ∈ I X such that f is of the form
Thus, R/I X is a finitely generated S 1 -module with generators
. Now we use the following commutative diagram:
is generated by exactly degree d elements (because of Property N d,2 ),K d−1 (I X )/I Y is also generated by degree d elements from the left most column exact sequence in the diagram 4.2. On the other hands, note that we have a short exact sequence as S 1 -modules
is generated by only linear forms and Z d−1 is a linear space by Proposition 3.6. Furthermore, we can conclude thatK
is generated by elements of degree d and d + 1. Similarly, consider again the following short exact sequence as S 1 -modules
Hence, K d−2 (I X ) is generated by quadric or cubic forms and therefore Z d−2 is cut out by quadric or cubic hypersurfaces set-theoretically.
Corollary 4.2. In the same situation as in Theorem 4.1, assume that X satisfies property
Since there is no d + 1-secant line through q, we are done.
Proposition 4.3. Let X be a non-degenerate reduced projective scheme in P n and let Y = π q (X) for a projection π : X → P n−1 from a point q ∈ P n \X. Assume that for every i ≥ 1, the ideal
Proof. As usual, we assume that q = (1, 0, · · · , 0) and S 1 is a coordinate ring of P n−1 . Note that if X satisfies N m,p then by Proposition 2.7 (b), 
On the other hands, for all i ≥ 1, consider a short exact sequence Remark 4.4. Let X ⊂ P n be a reduced non-degenerate projective variety satisfying property N 2,2 . Then we can easily check that K i (I X ) is (2−i)-regular for i = 1, 2 from the proof of Theorem 3.8 when we consider a projection π q : X → Y 1 ⊂ P n−1 where q ∈ P n \ X. Moreover, for an isomorphic projection, we can characterize the least number d for which Proof. Since π q : X → Y ⊂ P n−1 be an isomorphic simple projection, by Proposition 3.6, the partial elimination ideals K i (I X ) are Artinian ideals for all i ≥ 1, which means K i (I X ) m = (S 1 ) m for all sufficiently large m. Note that the regularity of an Artinian ideal is given by the smallest m such that the m-th power of the homogeneous maximal ideal (x 1 , . . . , x n ) in S 1 is contained in that ideal. Hence, for all i ≥ 1, we have that Then we see that d 0 (f − h) < ℓ and we know that, by induction hypothesis on ℓ, there exists g ∈ (S 1 ) d such thatα d (g) = f − h = f ∈ R/I X which completes the proof. • Higher normality and the center of projection Suppose X ⊂ P n is d-normal and consider an isomorphic projection π q : X → Y = π q (X) ⊂ P n−1 . When is Y also d-normal? From the viewpoint of Theorem 4.7, it is useful to find the condition of d-normality of Y . However, the normality of projected varieties depends on moving the center of the projection. So, the geometric properties and syzygies of the projected variety π q (X) depend on the position of q ∈ P n \ Sec(X) ∪ Tan(X). Indeed, let {f 1 , f 2 , · · · , f α } be the basis of H 0 (I X/P n (d)) and M d (X) be n+d−1 n × α matrix whose j-th column is given by the linear form Let Z d (X) be the determinantal scheme defined by the vanishing of all minors of maximal rank of M d (X). In particular, for d = 2 the scheme Z 2 (X) is the Jacobian scheme of the linear system of quadrics |H 0 (I X (2))|. Proof. For a proof, see proposition 2.1 and theorem 2.6 in [1] .
Therefore, the d-normality of Y = π q (X) is open condition for the center of projection q ∈ P n \ Sec(X) ∪ Tan(X). In addition, we have the following filtration on determinantal schemes in the ambient space if X is m-normal for all m ≥ d:
Corollary 4.9. In the same situation as in Theorem 4.8, assume that X satisfies property N 2,p , p ≥ 2 and X is d-normal. Then Z d (X) ⊂ Sec(X) ∪ Tan(X).
